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Abstract

Modular reduction is the basic operation of crypto-
graphic systems. The Barrett’s Algorithm and Mont-
gomery’s Algorithm are widely used nowadays and they
are both based on pre-computation. In the field of Ellip-
tic Curve Cryptosystem (ECC) over GF (2m), the reduc-
tion polynomials recommended by SEC have few items and
the degree of second item is much less than that of the first
one. Making use of this characteristic, the paper presents
a new method to accelerate modular reduction without pre-
computation which speeds up modular reduction by 10–30
times over GF (2m) and speeds up ECC point multiplica-
tion by 40%–50%. This algorithm has been implemented in
a high-speed public-key cipher accelerator.

1. Introduction

Elliptic Curve Cryptosystem(ECC) offers equivalent se-
curity with smaller key sizes in less computation time and
with less memory than other public-key cryptography, so it
has been widely used in Digital Signature and Integrated
Encryption fields[10]. The main computation of ECC is
point multiplication[6,7], where modular inverse is consid-
ered to be the slowest computation. Montgomery’s method
in projective coordinates[8] is an efficient method in com-
puting point multiplications by reducing the number of
modular inverse into one time. A binary algorithm based on
Extended Euclidean to compute modular inverse was pro-
posed in [1], and optimized in [2]. This method, however,
costs large area when it is implemented by hardware. Some
others are based on Fermat’s Little Theorem[3], which con-
verts modular inverse into modular multiplication and mod-
ular square in order to simplify hardware implementation.

Because the finite field operations can be implemented
very efficiently in hardware, Elliptic Curves over GF (2m)

are particularly attractive. A typical modular inverse over
GF (2m) named Almost Inverse is provided in [4]. All these
methods replace the modular inverse by modular multipli-
cations, modular square and modular addition.

Modular reduction is the foundation of modular multi-
plication and some fast modular reduction algorithms have
been proposed [5,9]. The well known Barrett reduction
method and Montgomery reduction method leverage some
pre-computations to avoid divisions. This paper presents
a new reduction algorithm named Unbalanced Exponent
Modular Reduction in GF (2m), and we embed this algo-
rithm in public-key cipher accelerator.

The rest of paper is organized as follows: Section 2 in-
troduces details of our algorithm as well as performance
comparison with other reduction methods. Expanding this
algorithm to modular multiplication is described in Section
3. Section 4 presents the implementation of this method in
public-key cipher accelerator. Finally the conclusions are
drawn in Section 5.

2. Algorithms

According to Standards for Efficient Cryptogra-
phy(SEC), the reduction polynomials of ECC cryptography
system in GF (2m) is expressed as f(x) = xm +T (x) with
degree m, where the degree of T (x) is far much smaller
than m and with 2 or 4 items[10]. A polynomial C(x)
whose degree n fulfill the inequality of 2m > n > m, can
be divided into two parts as the following form:

C(x) = Ch(x)xm + Cl(x) (1)

Because modular subtraction is the same as modular addi-
tion over GF (2m), we can obtain:

C(x) ≡ Ch(x)T (x) + Cl(x)mod f(x) (2)

Repeat (2), until Ch is zero. This algorithm can be de-
scribed in Algorithm 1.
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Algorithm 1 Unbalanced Exponent Modular Reduction

Input C(x), f(x)
Output C(x)mod f(x)

Do {
Partition C(x) into Ch and Cl with
Degree ≥ m;
C(x) = ChT (x) + Cl }

While (Ch �=0)
Return C(x)

Details of unbalanced exponent modular reduction are
showed here:

Assuming C(x) = xn + an−1x
n−1 + . . . + amxm +

am−1x
m−1 + . . ., T (x) = xk + . . .+1, f(x) = xm +T (x)

Then C(x) ≡ Ch(x)T (x) + Cl(x)mod f(x)
≡ (xn−m + an−1x

n−m−1 + . . .)(xk + . . . + 1) +
(am−1x

m−1 + . . .)mod f(x)
Here we will find that the degree of C(x) changes from

n to n − m + k, which means that reduced degree of C(x)
is Δp = m − k per-iteration. Assume after L iterations
Ch = 0, L should fulfill the inequalities:

n − LΔp ≤ m − 1 (3)

n − (L − 1)Δp ≥ m − 1 (4)

According to (3) and (4), we acquire the integer L’s range:

(n − m + 1)/(m − k) ≤ L ≤ (n − k)/(m − k) (5)

It is easy to prove the scope [(n − m + 1)/(m − k), (n −
k)/(m − k)] only contain one integer—the right result we
need.

As k � m(in most cases), there are only 2 iterations
needed. When f(x) = x239 + x158 + 1 where the gap be-
tween m and k is the smallest among all these f(x) recom-
mended by SEC, only 3 iterations is needed. Furthermore,
all these computations are in GF (2m), so they are easy to
be implemented by hardware and can obtain high comput-
ing speed.

We extend the two typical modular reduction
algorithms—Barrett Modular Reduction(BMR)[5] and
Montgomery Modular Reduction(MMR)[9], to binary
field. These two algorithms over GF (2m) are showed
below.

Montgomery Modular Reduction

Input C(x) = xn + an−1x
n−1 + . . . + a1x + a0

f(x) = xm + bm−1x
m−1 + . . . + b1x + b0

b′0 = −b−1
0 mod x

Output C(x)x−mmod f(x)

For i = 0 to m − 1{
pi = aib

′
0mod x;

C(x) = C(x) ⊕ pif(x)xi; }
C(x) = C(x)/xm

Return C(x)

Table 1. Time cost ratios between Barrett
Modular Reduction(BMR), Montgomery Mod-
ular Reduction(MMR) and Unbalanced Expo-
nent Modular Reduction(UEMR)

Irreducible polynomials Time cost ratio Time cost ratio

f(x) SEC recommended BMR:UEMR MMR:UEMR

x163 + x7 + x6 + x3 + 1 31.6 16.3

x233 + x74 + 1 30.4 17.5

x233 + x36 + 1 31.8 19.8

x239 + x158 + 1 17.2 10.7

x283 + x12 + x7 + x5 + 1 49.5 28.4

x409 + x87 + 1 58.4 31.5

x571 + x10 + x5 + x2 + 1 106.4 57.1

Barrett Modular Reduction

Input C(x) = xn + an−1x
n−1 + . . . + a1x + a0

f(x) = xm + bm−1x
m−1 + . . . + b1x + b0

μ = x2m/f(x)

Output C(x)mod f(x)

q = [(C(x)/xm−1) ∗ μ]/xm+1;
C(x) = C(x)mod xm+1 ⊕ [q ∗ f(x)]mod xm+1;
Return C(x)

We exploit C program to simulate these three algorithms
for all reduction polynomials in SEC[10] on Pentium IV
processor running at 3.0GHz with Linux Operation System.
The ratios of time cost by these three algorithms are listed
in Table 1.

In Table 1, when computing in GF (2m), the operating
speed of unbalanced exponent modular reduction is 20–50
times faster than that of Montgomery reductions in most
cases. Compared to Barrett reduction, unbalanced exponent
modular reduction is 30–100 times faster in most cases.

3. Extension

Modular multiplication, modular square and modular ad-
dition are common computations in ECC algorithm. We ex-
tend our unbalanced exponent modular reduction to modu-
lar multiplication described in Algorithm 2.
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Algorithm 2 Unbalanced Exponent Modular Multiplication

Input A(x), B(x), f(x)
Output A(x)B(x)mod f(x)

C(x) = A(x)B(x);
Do {

Partition C(x) into Ch and Cl with
Degree ≥ m;
C(x) = ChT (x) + Cl }

While (Ch �=0)
Return C(x)

We can get modular square in the same way. Making use
of optimized modular multiplication based on unbalanced
exponent modular reduction, the performance is improved
significantly for ECC computation.

The other two modular multiplications widely used
nowadays are Montgomery Algorithm [9,12] and Barrett
Algorithm [5,11]. These two algorithms can be imple-
mented according to pseudocode over GF (2m) as below.

Montgomery Modular Multiplication

Input A(x), B(x), f(x)

Output A(x)B(x)x−mmod f(x)

C(x) = 0
For i = 0 to m − 1{

C(x) = C(x) ⊕ aiB(x);
C(x) = C(x) ⊕ c0f(x);
C(x) = C(x)/x; }

Return C(x)

Barrett Modular Multiplication

Input A(x), B(x), f(x)
μ = x2m/f(x)

Output A(x)B(x)mod f(x)

C(x) = A(x)B(x)
q = [(C(x)/xm−1 ∗ μ]/xm+1;
C(x) = C(x)mod xm+1 ⊕ [q ∗ f(x)]mod xm+1;
Return C(x)

We use Montgomery’s method in projective coordi-
nates[8] to finish point multiplication. Based on these
three modular multiplications, with all reduction polynomi-
als recommended in SEC[10], performances of point multi-
plication are listed in Table 2 in the form of time cost ratio.

From table 2, we find that the point multiplication us-
ing our Unbalanced Exponent Modular Multiplication is
about 1.45 times faster than using Montgomery’s Algo-
rithm, and 1.9 times faster than using Barrett’s Algorithm
over GF (2m) in ECC.

4. Implementation

Unbalanced exponent modular reduction has been em-
bedded in our high-speed public-key cipher accelerator as

Table 2. Time cost ratios of computing point
multiplications over GF (2m) in ECC using
Barrett Modular Multiplication(BMM), Mont-
gomery Modular Multiplication(MMM) and
Unbalanced Exponent Modular Multiplica-
tion(UEMM)

Irreducible polynomials Time cost ratio Time cost ratio

f(x) SEC recommended BMM:UEMM MMM:UEMM

x163 + x7 + x6 + x3 + 1 1.92 1.45

x233 + x74 + 1 1.92 1.41

x233 + x36 + 1 1.77 1.47

x239 + x158 + 1 1.73 1.44

x283 + x12 + x7 + x5 + 1 1.86 1.47

x409 + x87 + 1 1.90 1.48

x571 + x10 + x5 + x2 + 1 1.92 1.49

fundamental algorithm of ECC point multiplication over
GF (2m). Figure 1 shows the architecture of this acceler-
ator.

The public-key cipher accelerator can be divided into
three main parts:

(1)Sequential Code Generator (SCG).
This is mainly a Finite State Machine (FSM) embedded

with public-key accelerating algorithm. According to com-
mands from main controller outside (CPU), SCG starts cer-
tain algorithm state machine and generates code for Crypto-
Processor. The FSM controls algorithms’ processes, and
the code it outputs are totally sequential in order to im-

Figure 1. Architecture of high-speed public-
key cipher accelerator
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prove the efficiency of Crypto-Processor. ASM has embed-
ded all nonsingular fields of ECC accelerating algorithms in
GF (2m) where m=113–571. In order to enhance the flex-
ibility of this accelerator, SCG can be bypassed, i.e., the
main controller can also send code to the Crypto-Processor
directly.

(2) Crypto-Processor
This is an embedded processor supporting code over

both GF (2m) and GF (p). Also it contains 64-bit width
calculating unit.

(3) On-chip Memory
Storage for parameters in public-key cipher algorithm

including reduction polynomials,parameters of Elliptic
Curve, computation results, and so on.

We use Verilog hardware description language [16] to
finish RTL level design of public-key cipher accelerator and
tape out under SMIC 0.18μm standard cell library. Take
the advantage of the algorithm presented in this paper, the
speed of point multiplication over GF (2m) is about 2700
times per second.

5. Conclusion

This paper presented a fast modular reduction over
GF (2m) without pre-computation. This algorithm speeds
up computations of ECC over GF (2m), and has been im-
plemented in pubic-key accelerator successfully. Further
work will concentrate on improving performance in other
aspects of ECC with the method this paper proposed.
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[12] Ç.K. Koç, and T. Acar, “Montgomery Multiplication in
GF (2k),” Design, Codes and Cryptography, vol. 14, no. 1,
pp. 57-69, 1998.

[13] V. Müller, “Fast Multiplication on Elliptic Curves over
Small Fields of Characteristic Two,” Journal of Cryptology,
pp. 219-234, 11, 1998.

[14] A.E. Cohen, and K.K. Parhi, “Implementation of scalable el-
liptic curve cryptosystem crypto-accelerators for GF (2m),”
Signals, Systems and Computers, vol. 1, pp. 471-477, 2004.

[15] A. Satoh, and K. Takano, “A scalable dual-field elliptic
curve cryptographic processor,” IEEE Transactions on Com-
puters, vol. 52, pp. 449-460, 2003.

[16] IEEE Standard Verilog Hardware Description Language,
IEEE Computer Society, IEEE Std 1364-2001, 2001.
http://www.ieee.org/.

Proceedings of the First International Conference on Innovative Computing, Information and Control (ICICIC'06)
0-7695-2616-0/06 $20.00  © 2006



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


